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1. INTRODUCTION 
In a variety of problems involving multiresolution analysis techniques, authors use one or both 
of the following assumptions: The vanishing of moments of the mother wavelet II, up to a certain 
order r E N (concerning notations see Chapter 2), namely 
J 
&J(Z) dx = 0, O<l<T, (1) 
w 
or a Strang-Fix condition of order T upon a scaling function 8, i. e., 
(8^)(“) (21c ?r) = 0, o<l<T, k E Z/(O). (2) 
These conditions allow one to analyse the approximation properties of a multiresolution analy- 
sis and associated operators (see [l-7]) or to give characterizations of Sobolev spaces, Besov 
spaces, Hardy spaces and others [2,8,9]. In the more applied areas, G. Beylkin, R. Coifman and 
V. Rokhlin [lo] use compactly supported wavelets atisfying (1) to compress large matrices. 
Several authors have investigated the relationship between (1) and (2). For compactly sup- 
ported orthonormal scaling functions it is well known that (1) and (2) are equivalent to each 
other as well as to 
b(‘)(w) = 0, O<I<r, (3) 
where b E Li, is the “symbol” defined by the relation qv) = 1/2b(v/2) @7v/2) a.e. on Iw. These 
equivalences are also valid under weaker assumptions and for arbitrary scaling functions; several 
authors deal with at least some of the implications involved (see e.g. [8,9,11,12]), but a complete 
treatment does not seem to have been given, also the assumptions are not always clear. In this 
paper we find minimal assumptions upon a multiresolution analysis such that relations (l), (2) 
and (3) are equivalent o each other; the results are summarized in Theorem 3.1. Chapter 4 deals 
with the special instance of an interpolating scaling function, i.e., a scaling function g satisfying 
g(k) = &,k, k E Z. It will be shown that for this particular type of scaling function we obtain 
the further equivalent condition 
(g-)(1) (2kn) = (27r)-“2 SO,tS,,,k, o<l<T, kEZ. (4) 
tip-et by 44-W 
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Since in a MRA there may exist more than one mother wavelet and the properties of the MRA 
do not depend on the particular choice we make, we also investigate under what conditions we 
can be sure to have found a wavelet with the highest possible number of vanishing moments. 
2. NOTATIONS AND PRELIMINARY RESULTS 
For 1 5 p < oo let 1P be the space of all sequences (ok):=_, with ( CleEZ l~lp)“’ < 00. Let 
C be the space of all uniformly bounded and continuous functions f : W --) Cc, endowed with the 
ufsujdEncCrm II f II c. For T E No denote by CT the space of all functions f E C with derivatives 
f.Y ,cr=O,l,..., T. C& is the space of all 2r-periodic functions f E Cr. For 1 5 p < 00, let 
Lp be the space of all functions f : W ---f Cc such that jjfllp := (J-“, If(~)l~du)r’~ < co, and let 
L!-& be the space of 2n-periodic functions f : R --) C such that lflp := (Jr” Jf(~)jPdu)~‘~ < 00. 
For f E L1 the Fourier transform f-of f is defined by f^(v) := (l/G) j-n f(u)esiv“ du, v E R. 
The L2-Fourier transform is defined in the usual way and will also be denoted by f? Loo is the 
space of all measurable functions f : R + C such that llfljoo := ess suplf(z)l < co, LFr is the 
space consisting of all 2n-periodic functions f E Loo. 2ElR 
A multiresolution analysis (MRA) is a sequence (Vn)n~~ of subspsces of L2 such that . . . V-1 c 
V. c VI c V2 c -a - with 
n vk = (01, G = L2, 
kEZ kEZ 
f E %I * f(zk-> E vk , kc& and f EVoef(.-j)EVo, FEZ. 
Also there must exist 8 E &, called a scaling function for the MRA, such that {O(. - j)}jEz 
forms a Riesz-basis for VO, i.e., I~J is the 12-span of {O(. - j)}je_ and there exist A, B > 0 such 
that 
Let us state some well-known results for a MRA to be found, e.g., in [ll, Chapter 51. For any 
scaling function 0 there exists (bk)&Z E l2 such that 
@(-) = cbk8(2 * -k), 
kEZ 
(6) 
in the L2-sense. Setting b(x) := c bkedikx E Lz,, we have 
keZ 
K(x) = f b (i) 6-(G) , 
Relation (5) is equivalent to 
a.e. on W. 
&A5~le7~+2kr)~~+ 8.e. on W. 
kEZ 
(7) 
Setting 
v--(x) := $; 
r/2 
((2) := c I@--(2 + 21c7r)(2 ) 2 E w, (9) 
kc2 
then cp is a new scaling function for the same MRA such that { cp(. - k)) kE_ forms an orthonormal 
basis for VO. By (6) there exists {Ck}kEz E l2 such that cp = kFzCk (~(2. -k) or, equivalently, 
p+(x) = f m (5) cp-( g) , a.e. 0nR; m(x) := zck edikz, x E R. (16) 
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For n E Z let IV, be the orthonormal complement of V, in Vn+l. We can define a so-called 
(mother) wavelet II, E Ws such that {$J(. - IC)}LEZ forms an orthonormal basis for Wc by $ := 
C (-l)k-l h-k-r (~(2 a -k), or, equivalently, 
kEZ 
a.e. on W; h(z) := eis m(z + n) , 5 E W. 01) 
If v : IR + Cc is 2x-periodic with Iv(z)1 = 1, all z E R, then (see [ll, pp. 135 and 2511) 
a.e. on W, (12) 
defines another mother wavelet for the same MRA, and all mother wavelets are of this form. 
For “nice” scaling functions t9 it is well-known that, with Kronecker’s b&k, 
8^(2,r]c) = 6,&k ‘c, kEZ, some c # 0, (13) 
(see e.g. [8;9,p. 56;13]). W e will need this property under the following very weak assumptions: 
LEMMA 2.1. Let 0 be a scaling function for a MRA. If 8^is continuous, then there holds (13). 
The proof is left to a later paper. The following lemma will also be needed: 
LEMMA 2.2. Let 8 be a scaling function for a MRA, let <, cp, m, $, h be given by (9), (10) and (ll), 
respectively. If B^E C’ and c E C& for some r E NJ, then there exist mo, ho E C& such that 
rno = m, ho = h a.e. on R, and 
all v E R, and cp^~ C’; (14) 
all v E W, and $-E C’. (15) 
PROOF. A.s < E C&, by (8) and (9) one has E(z) # 0 for all z E R; therefore by (9) (P-E CT and 
C&Z I@-(‘+2kn)12 = 1. Thus for z E W there exists k(z) E Z such that cp^(z + 2?rk(z)) # 0. Set 
me(s) := 2~72~ + 47r k(a))/cp”(z + S?rk(s)). Using V-E Cp and the Lindelijf-property of R it can 
be shown that me is well-defined, ms = m a.e. on R and me E C&. By (10) and continuity (14) 
follows. Now define ho(z) := eizmo(z + 7r), x E IR, then h = ho a.e. on W, and ho E C&, so in 
view of (11) one representative of $-in CT is given by (15). 
3. SCALING FUNCTIONS AND WAVELETS 
WITH VANISHING MOMENTS 
In this section we will investigate the relationship between wavelets with vanishing moments 
and corresponding scaling functions. For this purpose the two following lemmas are basic. 
LEMMA 3.1. Let tJ be a scaling function for a MRA such that 9-c C’ for some r E NJ, and such 
that there exists ko E Z with B^(?r + 2ko r) # 0. firther let there exist bo E CLi;, such that 
@-Iv) = f bo (f) e-( ;> , v E IR. 
Then the following three assertions are equivalent: 
(0-)@)(2k r) = 0, O<cUIr, k E z \ (01 
(B^)ta)(2k 7r) = 0, O<(Y~T, kEZodd 
@)(n) = 0 7 O<(YSr. 
(17) 
(18) 
(19) 
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PROOF. (18) follows trivially from (17). Suppose (18) holds; we establish (19) by induction 
over CE. By assumption there exists ke E Z such that 8^((2kc + 1)~) # 0, From (16) and (18) 
we have 0 = 28^(2(2k0 + 1)~) = bs((2k0 + 1)7r)67(2ks + l)w), hence be(r) = be((2ko + 1)~) = 0. 
Similarly, for the induction steps apply the Leibniz-rule to (16) at v = 2(2ko + 1)~. 
Now let (19) hold. To establish (17), iterate (16) to deduce 
K(z)= @$Da(:‘i)) e-(2--pz), zcElW, pEM. (20) 
Let k E Z \ (0) b e arbitrary and write 2k = 2Pq with p E N, q E Z odd. For simplicity, setting 
t(s) := (fl;;; b(J (2%)) 672-%)(1/2)p, z E W, then K(z) = bs (2_Pz)t(z), z E B; so 
(e-)(“‘(x) = g (7) b!) (2--&r) 2-p’t@-Q$ ) 2 E R. 
l=O 
But bt) (2-P .2k X) = bt) (q n) = bf) (T) = 0 for 0 < I < P by (19), hence (17) follows. 
REMARK 3.1. By (7) there always exists b E Lx?, such that (16) holds a.e.. If for any x E W 
there exists k E Z such that 8;(x + 2k K) # 0, then by the same method as used in the proof of 
Lemma 2.2 to define mo we can find bo E C& such that bs = b a.e., and (16) holds for all 21 E W. 
LEMMA 3.2. Let cp be an orthonormal scaling function for a MRA such that (PI-E CT for some 
r E No. Suppose there exists me E C& such that (14) holds, define ho E C?& as in Lemma 2.2 
and II, by (15). The following three assertions are equivalent: 
($q(Q)(O) = 0, Ola:IT, (21) 
m?)(a) = 0, o<ff<T, (22) 
/p(O) = 0 , o<cY<T. (23) 
PROOF. (22) and (23) are equivalent by definition of ho and the Leibniz-rule. Similarly, applying 
the Leibniz-rule to (15), we find that (23) and (21) are equivalent, since ~70) # 0 by Lemma 2.1. 
Now we can prove our main result. 
THEOREM 3.1. Let T, 8,5, cp, mo, T/J, ho be given as in Lemma 2.2. The following are equivalent: 
(?+!q’“‘(O) = 0, 
mjp’(n) = 0, 
(@-)‘“‘(2kn) = 0, 
(cp^>@)(2k 7r)= 0, 
(0-)(Q)(2k n) = 0, 
(K-)(Q)(2k n) = 0, 
OlCYlT (24) 
OlCZlr (25) 
0 5 CY 5 T, k E Z odd (26) 
OlcYL?-, kEz\{OI (27) 
0 5 a 5 T, k E Z odd (28) 
o<CY<T, k E 2 \ (0). (29) 
to (25). By (14) and since xkEz 1~3. + 2k 7r)12 G 1, 
so (25), (26) and (27) are equivalent. But < E C&, 
PROOF. By Lemma 3.2, (24) is equivalent 
cp satisfies the assumptions of Lemma 3.1; 
so by (8) and (9) l/c E C& as well, and using the Leibniz rule, (26) and (28) are equivalent, as 
well as (27) and (29). 
An example satisfying the assumptions of Theorem 3.1 for T = 1 is given by the MRA generated 
by the scaling function e(z) := 2/7r CkEZ%fs(z + k + 1)/(2k + l), x E W, where A&(X) is the 
Hilbert transform of the second order B-spline Mz(x) = 1 + x for x E (-1, 01, = 1 - z for 
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z E (0, I] and = 0 elsewhere. Then K(Z) = 1 sin(z/2)/(%/2)( ’ sin(x/2)/(z/2) . eixi2/& and 
be(z) = (1 -t ei2(. (1 f eix)/4, z E W. 
The number of vanishing moments of a wavelet + is an important criterion when investigating 
the approximation properties of a MBA (see [3,7]). Now for any MBA there exists more than 
one wavelet; in fact, the whole set of mother wavelets is given by (12), where $J is any mother 
wavelet for the MBA. The question is: if we can find a wavelet with a certain number of vanishing 
moments, can there exist another one with vanishing moments up to a higher order? Lemma 3.3 
gives a partial answer to this problem. 
LEMMA 3.3. Let T E Me, $1 and $2 be two mother wavelets for the same MRA with +!J;, $J; E C’. 
For each x E IR let k(x) E Z exist such that $;Tx + 27rk(x)) # 0. The following are equivalent: 
K>‘*‘(o) = 0, Ol(YiT, (30) 
(q’“‘(0) = 0, O<o<r. (31) 
PROOF. By (12) there exists v E Lg such that Iu(x)] = 1, z E P, and $a~) = v(z)+az) a.e. 
on JR. By the same argument as used in the proof of Lemma 2.2 to find ms there exists vo E C& 
such that V(Z) = us(z) a.e., on 113 and $2~) = vo(z)7L;^(z), all z E W. Hence, 
so that (30) implies (31). But jvo(z)] = Iv(z)! = 1 a.e. on W, and vs E C.&, hence, l/v0 E C’s;, 
as well. Writing $3~) = l/~s(z) . $2‘(z), z E R, we find that (31) implies (30). 
REMARK 3.2. We have shown: If for some T E No, we can find a wavelet II, for a MRA such that 
for all x E IR there exists k E Z with +!~^(x + 2kn) # 0, 
I 
Ix’$(x)l dx < 00, 
R 
J 
x?j(x) dx = 0, 0 501< T, 
J 
x’.+(x) dx # 0, 
B 
R 
(32) 
(33) 
(34) 
then there cannot exist another wavelet @# for the same MRA with higher order vanishing 
moments. Indeed, to define J’ x’$~#(x) dx, we must necessarily have j’ lx’q!~#(x)l dx < 00, which 
w w 
implies ($J#)*E C’. But by (33) $-E C’ as well, and vanishing moments of the wavelets are 
equivalent o vanishing derivatives of the Fourier transform at 0; so J z’$J#(z) dx # 0 by (34) and 
Lemma 3.3. Note that (32) is not a strong condition: {q!~(. - k)}kt, is an orthonormal system, 
therefore (see e.g. [11, pp. 132, 1351) &ez l$“(x+2k?r))2 E 1 a.e. on W; so uniform convergence 
of the series on compact sets suffices to ensure (32) since $^is continuous. 
4. INTERPOLATING SCALING FUNCTIONS 
Since a MRA is a sequence of subspaces of L2 we usually think of its elements as defined only 
a.e. on W, and equalities usually hold in the L2-sense. However, in some instances like sampling, 
we have to determine the functions under discussion in the pointwise sense. This is possible if 
we fix a scaling function 6 with the property that {0(z - k)},,, E 12, for all x E W. Every 
f E vs admits a representation f(x) = x&z Uk 8(X - k) in the L2-sense, where (Uk)&z E Z2. 
But by Cauchy-Schwarz the right-hand side of this sum converges pointwise, fixing a single 
representative of f. For f E V,, n E Z, we use the scaling property of the multiresolution 
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analysis to 6x a representative. Note that since (2”i2 6(F . -Ic)}~~_ should be a pointwise basis 
for V,, n E Z, we need (at least) that there hold a refinement equation 19(z) = ‘&ez bk 8(2x - Ic) 
for some (bk)kez E Z2 and all z E ll?.. Of particular interest here are scaling functions having 
an interpolating property, i.e., for which 0(j) = 6s,j, j E Z. Choosing z = j E Z in the above 
expansion of f, we find that j(j) = C kEZ ok @(j - Ic) = aj; this yields a sampling theorem of the 
form f@) = C&z f&) ‘@ - k). The fohowing theorem shows in view of Theorem 3.1 that (1) 
and (4) are equivalent for any interpolating scaling function g and corresponding wavelet T/J. 
THEOREM 4.1. Let r E No, suppose g E L1 is a scaling function for a MFU satisfying 
g(A = 4,01 j E z; W/2>>jEZ E 1’; 
for all 2 E W there exists It(z) E Z such that gTs + 2k(z) r) # 0; 
g-E C’; kFzs(x - k) is continuous in a neighbourhood of 0, 
and let there exists (Pk)k@ E l2 such that 
(35) 
(36) 
(37) 
Then the following are equivalent 
(38) 
(g-p(2k ?T) = 0, O<CXlr, k E ii+i \ {oh (39) 
(gn)@)(o) = (2W)-1’%0,a, O<o<r. (40) 
PROOF. Define bs := &ez& emijZ, x E W. Combining (35) and (38), we find ok = g(k/2), 
k E Z, hence bo E Gr and g7z) = l/260 (x/2) gyz/2), x E R by (38). But g-E C”, therefore, as 
in Lemma 2.2, be E C& by (36). The proof is now based on three equivalences: 
(i) By Lemma 3.1 (39) is equivalent to @j(r) = 0, 0 5 Q < r. 
(ii) using &rk = g(k) = 6 I&k, k E Z, in the definition of bc we find be(x + n) = 2 - b,-,(x), 
therefore the relation bp)(*) = 0, 0 I CY I r is equivalent to bp)(O) = 260,~, 0 < o <_ r. 
(iii) By Lemma 2.1 and Poisson’s formula g70) = CkEZ g72k n)ei2k 71. N CkEZ g(. + k)/fi, 
hence SC(O) = CkEZg(k)/& = l/a # 0, in view of (35) and (37). 
Therefore applying the Leibniz rule to g^(x) = 1/2bc(z/2)gTz/2) at x = 0 we find that bp)(O) = 
2&j,,, 0 I (Y 5 r is equivalent to (40). 
REMARK 4.1. Note that since relation (36) is only used to show bo E C?&, we could require 
instead CjEz jg(j/2)jr) < 00 and the existence of ko E Z with gT?r + ILkor) # 0. 
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